Orthogonal Projection Shifted Derivative Filters on
the BCC Lattice

Definitions of the Building Block Functions

m Helper functions and definitions of 1D B-splines

R=1/72%*{{1, -1, -1, 13}, (-1, 1, -1, 1}, (-1, -1, 1, 1}, {1, 1, 1, 1}},

1-Bxp[-1 »w] \"?®
Sbs[n_, x_] :=InverseFourierTransform[ _— , W, X, FourierParaneters -» {1, —1}];
I *»w
BoxO[x_]1 = Ful | Sinplify[Sbs[0, x]1;
Tent [x_] = Ful | Sinplify[Sbs[1l, x11;
Quad[x_] = Full Sinmplify[Sbs[2, x]11;

Cubic[x_] =Full Sinplify[Sbs[3, x11;

Quartic[x_] =Full Sinplify[Sbs[4, x11;

Tentprine[x_] = Full Sinplify[Box0O[x] -Box0[x -111;
Quadprine[x_] =Full Sinplify[Tent [x] -Tent [x -1]1;
Cubicprine[x_] =Full Sinplify[Quad[x] -Qad[x -1]1;
Quarticprime[x_] = Full Sinplify[Cubic[x]-Cubic[x-111;

m Linear, Quintic, Nonic, Tredecic and Septendecic Box Splines
1 1
Lbs[x_, y_, z_1:= 4*Integrate[EProduct [BoxO[E*R[[k]]. x, ¥y, z, W], {k, 1, 4}], {w, 0, 4}];

1 1
Qs[x_, vy, z_] :=4*Integrate[EProduct [Tent [E*R[[k]]. x, vy, z, w}], {k, 1, 4}], {w, O, 8}];

Nos[x_, y_, z_]:=

1 1
4*Integrate[EProduct [QJad[E*R[[k]]. {x, y, z, w}], {k, 1, 4}], {w, 0, 12}];

Tdbs[x_, y_, z_]:=

1 1
4*Integrate[EProduct [Cubic[E*R[[k]]. {x, y, z, w}], {k, 1, 4}], {w, 0, 16}];

Sdbs[x_, y_, z_]1:=

1 1
4*Integrate[EProduct [QJartiC[E*R[[k]]. x, vy, z, w}], {k, 1, 4}], {w, 0, 20}];

3
A function that generates BCC points within the bounding box [-n, n]

BCCpoints[n_] : =
Sel ect [Tupl es[Range[-n, n], 31, (EvenQ[#[[1]1]] & EvenQ[#[[2]1]] & EvenQ[&#[[311]1) ||
(CddQI#[[1]1] &&OddQ[#[[2]1]1] & OddQ[#[[31]11) &I;
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Directional Derivative Filters

Filters that orthogonally project the directional derivative of a first stage approximation. To recover the gradient, we need to
compute diectional derivatives along the three principle directions of the BCC lattice.

m Directional Derivatives of a Nonic Box Spline orthogonally projected onto shifted Quintic Box Splines

(NQs)

For each directional derivative, we need a different type of shift.
Each can be computed by shifting the directional derivative of a Tredecic Box Spline (generated by Cubic B - Splines)

CANQ[X_, V_, z_, i_]:=

4 1 1
E*Integrate[Sum[QJarticprima[E*R[[j]]. X, v, z, W}]*ER[[j 1100 11 = Product [Quartic|

1
E*R[[k]]. {x, ¥, z, w}], {k, Select [{1, 2, 3, 4}, ##] &I}], {j, 1, 4}], {w, O, 20}];

CANQL[x_, y_, z_1:= CINQ[X, VY, z, 1] - CANQ[X, vy, z, 2] - CANQI[X, y, z, 3];
CANQI[x_, y_, z_]1:= -CdANQI[xX, y, z, 1] + CANQ[X, VY, z, 2] - CANQ[X, VY, z, 31;
CAN@BI[X_, Vv, z_1:= -CANQ[X, Yy, z, 1] -CINQ[X, VY, z, 2] + CANQ[X, VY, z, 31;

Shifts for the different directions

1 1 1
shift = {5{1, -1, -1}, E{—l, 1, -1}, E{-1, -1, 13}

DANQL =
Sel ect [{#, CANQL[#[[1]] +shift[[1, 1]1], #[[2]] +shift [[1, 2]], #[[3]] +shift [[1, 3]]1]} &/e
BCCpoi nts[10], #[[2]1] # 0 &J;
DANQ = Sel ect [{#, CANQ2[#[[1]] +shift [[2, 1]], #[[2]] +shift[[2, 211,
#[[31] +shift [[2, 3111} &/e@ BCCpoi nts[10]1, #[[2]] # 0 &];
DANQB = Sel ect [{#, CANQB[#[[1]] +shift [[3, 11], #[[2]] +shift [[3, 2]],
#[[3]] +shift[[3, 3111} &/@ BCCpoi nts[10], #[[2]1] # 0 &I;

= Directional Derivatives of a Quintic Box Spline orthogonally projected onto a shifted Quintic Box Splines (QQs)
CdQQ[X_, V_, z_, i_]:=

4 1 1
E*Integrate[Sum[Cubi cprirre[z*R[[j 11. {X, v, z, W}]*ER[[j]][[i]]*Product [Cubi c[

1
z*R[[k]]. {x, ¥, z, w}], {k, Select [{1, 2, 3, 4}, ##] &I}], {j, 1, 4}], {w, O, 16}];

qugl[x_! y_v Z_] L= Cd(p[xv y'l z, 1] _Cd(p[xv y'l z, 2] _Cd@[xr yr z, 3]1
ijp(_r y_, Z_] .= -Cd(pp(‘ Yy, Z, l] +Qj@[x, Yy, Z, 2] —Od@[xx y, Z, 3]|
CdQB[x_, y_, z_]:= -CGdQQ[X, Yy, z, 1] -CdQQ[X, VY, z, 2] + CdQQ[X, VY, z, 3];
DAQQL =

Sel ect [{#, CAQQL[#[[1]] +shift[[1, 11], #[[2]] +shift[[1, 2]], #[[3]] +shift [[1, 3]]]} &/e
BCCpoi nts[8], #[[2]1] # 0 &];
DAQR = Sel ect [{#, CAQR[#[[1]1] +shift [[2, 111, #[[2]1] +shift[[2, 211,
#[[31] +shift [[2, 3111} &/e BCCpoi nts[8], #[[2]] # 0 &J;
DAQB = Sel ect [{#, CAQQB[#[[1]1] +shift [[3, 111, #[[2]] +shift [[3, 2]1,
#[[3]] +shift[[3, 3111} &/@ BCCpoints[8], #[[2]] # 0 &];
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Export ["DdQQL. mat", Flatten[#] & /@ DdQQL, "Mat";
Export ["DdQR. mat", Flatten[#] & /e DdQQR, "Mt " ];
Export ["DAdQ®B. mat", Flatten[#] & /@ DdQQ3, "Mat"1;
Export ["DANQL. mat", Flatten[#] & /@ DANQL, "Mat"];
Export ["DIN@. mat ", Flatten[#] & /e DANQ2, "Mat"];
Export ["DAN@. mat", Flatten[#] & /@ DANQ3, "Mat"1;
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4904976 384 908 328 960 8174960640
1 294541 81959
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4087480320 4087480320 8174960640
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-4, -2}, —7}, {{2. -4, 03, —7}, {{2, -4, 2 ——},
1362493440 6131220480 24524881920
294541 19866 733 28959439
-2, - 7} {{2, -2, -2}, —} {{2, -2, 03}, —7}.
6131220480 12262440960 4087480320
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