
Orthogonal Projection Shifted Derivative Filters on 
the BCC Lattice

Definitions of the Building Block Functions

� Helper functions and definitions of 1D B-splines

R = 1 � 2 * 881, -1, -1, 1<, 8-1, 1, -1, 1<, 8-1, -1, 1, 1<, 81, 1, 1, 1<<;

Sbs@n_, x_D := InverseFourierTransformA
1 - Exp@-I * wD

I * w

n+1

, w, x, FourierParameters ® 81, -1<E;

Box0@x_D = FullSimplify@Sbs@0, xDD;
Tent@x_D = FullSimplify@Sbs@1, xDD;
Quad@x_D = FullSimplify@Sbs@2, xDD;
Cubic@x_D = FullSimplify@Sbs@3, xDD;
Quartic@x_D = FullSimplify@Sbs@4, xDD;
Tentprime@x_D = FullSimplify@Box0@xD - Box0@x - 1DD;
Quadprime@x_D = FullSimplify@Tent@xD - Tent@x - 1DD;
Cubicprime@x_D = FullSimplify@Quad@xD - Quad@x - 1DD;
Quarticprime@x_D = FullSimplify@Cubic@xD - Cubic@x - 1DD;

� Linear, Quintic, Nonic, Tredecic and Septendecic Box Splines

Lbs@x_, y_, z_D := 4 * IntegrateA
1

16
ProductABox0A

1

2
* R@@kDD.8x, y, z, w<E, 8k, 1, 4<E, 8w, 0, 4<E;

Qbs@x_, y_, z_D := 4 * IntegrateA
1

16
ProductATentA

1

2
* R@@kDD.8x, y, z, w<E, 8k, 1, 4<E, 8w, 0, 8<E;

Nbs@x_, y_, z_D :=

4 * IntegrateA
1

16
ProductAQuadA

1

2
* R@@kDD.8x, y, z, w<E, 8k, 1, 4<E, 8w, 0, 12<E;

Tdbs@x_, y_, z_D :=

4 * IntegrateA
1

16
ProductACubicA

1

2
* R@@kDD.8x, y, z, w<E, 8k, 1, 4<E, 8w, 0, 16<E;

Sdbs@x_, y_, z_D :=

4 * IntegrateA
1

16
ProductAQuarticA

1

2
* R@@kDD.8x, y, z, w<E, 8k, 1, 4<E, 8w, 0, 20<E;

A function that generates BCC points within the bounding box A-n, nE
3

BCCpoints@n_D :=

Select@Tuples@Range@-n, nD, 3D, HEvenQ@ð@@1DDD && EvenQ@ð@@2DDD && EvenQ@ð@@3DDD L ÈÈ
HOddQ@ð@@1DDD && OddQ@ð@@2DDD && OddQ@ð@@3DDD L &D;



Directional Derivative Filters

Filters that orthogonally project the directional derivative of a first stage approximation. To recover the gradient, we need to
compute diectional derivatives along the three principle directions of the BCC lattice. 

� Directional Derivatives of a Nonic Box Spline orthogonally projected onto shifted Quintic Box Splines 
(NQs)

For each directional derivative, we need a different type of shift.
Each can be computed by shifting the directional derivative of a Tredecic Box Spline (generated by Cubic B -  Splines) 

CdNQ@x_, y_, z_, i_D :=

4

16
* IntegrateASumAQuarticprimeA

1

2
* R@@jDD.8x, y, z, w<E *

1

2
R@@jDD@@iDD * ProductAQuarticA

1

2
* R@@kDD.8x, y, z, w<E, 8k, Select@81, 2, 3, 4<, ð ¹ j &D<E, 8j, 1, 4<E, 8w, 0, 20<E;

CdNQ1@x_, y_, z_D := CdNQ@x, y, z, 1D - CdNQ@x, y, z, 2D - CdNQ@x, y, z, 3D;
CdNQ2@x_, y_, z_D := -CdNQ@x, y, z, 1D + CdNQ@x, y, z, 2D - CdNQ@x, y, z, 3D;
CdNQ3@x_, y_, z_D := -CdNQ@x, y, z, 1D - CdNQ@x, y, z, 2D + CdNQ@x, y, z, 3D;

Shifts for the different directions

shift = 9
1

2
81, -1, -1<,

1

2
8-1, 1, -1<,

1

2
8-1, -1, 1<=;

DdNQ1 =

Select@8ð, CdNQ1@ð@@1DD + shift@@1, 1DD, ð@@2DD + shift@@1, 2DD, ð@@3DD + shift@@1, 3DDD< & ��

BCCpoints@10D, ð@@2DD ¹ 0 &D;
DdNQ2 = Select@8ð, CdNQ2@ð@@1DD + shift@@2, 1DD, ð@@2DD + shift@@2, 2DD,

ð@@3DD + shift@@2, 3DDD< & �� BCCpoints@10D, ð@@2DD ¹ 0 &D;
DdNQ3 = Select@8ð, CdNQ3@ð@@1DD + shift@@3, 1DD, ð@@2DD + shift@@3, 2DD,

ð@@3DD + shift@@3, 3DDD< & �� BCCpoints@10D, ð@@2DD ¹ 0 &D;

� Directional Derivatives of a Quintic Box Spline orthogonally projected onto a shifted Quintic Box Splines (QQs)

CdQQ@x_, y_, z_, i_D :=

4

16
* IntegrateASumACubicprimeA

1

2
* R@@jDD.8x, y, z, w<E *

1

2
R@@jDD@@iDD * ProductACubicA

1

2
* R@@kDD.8x, y, z, w<E, 8k, Select@81, 2, 3, 4<, ð ¹ j &D<E, 8j, 1, 4<E, 8w, 0, 16<E;

CdQQ1@x_, y_, z_D := CdQQ@x, y, z, 1D - CdQQ@x, y, z, 2D - CdQQ@x, y, z, 3D;
CdQQ2@x_, y_, z_D := -CdQQ@x, y, z, 1D + CdQQ@x, y, z, 2D - CdQQ@x, y, z, 3D;
CdQQ3@x_, y_, z_D := -CdQQ@x, y, z, 1D - CdQQ@x, y, z, 2D + CdQQ@x, y, z, 3D;
DdQQ1 =

Select@8ð, CdQQ1@ð@@1DD + shift@@1, 1DD, ð@@2DD + shift@@1, 2DD, ð@@3DD + shift@@1, 3DDD< & ��

BCCpoints@8D, ð@@2DD ¹ 0 &D;
DdQQ2 = Select@8ð, CdQQ2@ð@@1DD + shift@@2, 1DD, ð@@2DD + shift@@2, 2DD,

ð@@3DD + shift@@2, 3DDD< & �� BCCpoints@8D, ð@@2DD ¹ 0 &D;
DdQQ3 = Select@8ð, CdQQ3@ð@@1DD + shift@@3, 1DD, ð@@2DD + shift@@3, 2DD,

ð@@3DD + shift@@3, 3DDD< & �� BCCpoints@8D, ð@@2DD ¹ 0 &D;
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Export@"DdQQ1.mat", Flatten@ðD & �� DdQQ1, "Mat"D;
Export@"DdQQ2.mat", Flatten@ðD & �� DdQQ2, "Mat"D;
Export@"DdQQ3.mat", Flatten@ðD & �� DdQQ3, "Mat"D;
Export@"DdNQ1.mat", Flatten@ðD & �� DdNQ1, "Mat"D;
Export@"DdNQ2.mat", Flatten@ðD & �� DdNQ2, "Mat"D;
Export@"DdNQ3.mat", Flatten@ðD & �� DdNQ3, "Mat"D;
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