Orthogonal Projection Derivative Filters on the BCC
Lattice

Definitions of the Building Block Functions

m Helper functions and definitions of 1D B-splines

R=1/72%*{{1, -1, -1, 13}, (-1, 1, -1, 1}, (-1, -1, 1, 1}, {1, 1, 1, 1}},

1-Bxp[-1 »w] \"?®
Sbs[n_, x_] :=InverseFourierTransform[ _— , W, X, FourierParaneters -» {1, —1}];
I *»w
BoxO[x_]1 = Ful | Sinplify[Sbs[0, x]1;
Tent [x_] = Ful | Sinplify[Sbs[1l, x11;
Quad[x_] = Full Sinmplify[Sbs[2, x]11;

Cubic[x_] =Full Sinplify[Sbs[3, x11;

Quartic[x_] =Full Sinplify[Sbs[4, x11;

Tentprine[x_] = Full Sinplify[Box0O[x] -Box0[x -111;
Quadprine[x_] =Full Sinplify[Tent [x] -Tent [x -1]1;
Cubicprine[x_] =Full Sinplify[Quad[x] -Qad[x -1]1;
Quarticprime[x_] = Full Sinplify[Cubic[x]-Cubic[x-111;

m Linear, Quintic, Nonic, Tredecic and Septendecic Box Splines

1 1
Lbs[x_, y_, z_1:= 4*Integrate[EProduct [BoxO[E*R[[k]]. x, ¥y, z, W], {k, 1, 4}], {w, 0, 4}];

1 1
Qs[x_, vy, z_] :=4*Integrate[EProduct [Tent [E*R[[k]]. x, vy, z, w}], {k, 1, 4}], {w, O, 8}];

Nos[x_, y_, z_]:=

1 1
4*Integrate[EProduct [QJad[E*R[[k]]. {x, y, z, w}], {k, 1, 4}], {w, 0, 12}];

Tdbs[x_, y_, z_]:=

1 1
4*Integrate[EProduct [Cubic[E*R[[k]]. {x, y, z, w}], {k, 1, 4}], {w, 0, 16}];

Sdbs[x_, y_, z_]1:=

1 1
4*Integrate[EProduct [QJartiC[E*R[[k]]. x, vy, z, w}], {k, 1, 4}], {w, 0, 20}];

A function that generates BCC points within the bounding box [-n, n]®

BCCpoints[n_] : =
Sel ect [Tupl es[Range[-n, n], 31, (EvenQ[#[[1]1]] & EvenQ[#[[2]1]] & EvenQ[#[[311]1) ||
(OddQ[#[[1]1]1] & OddQ[#[[2]]] & OddQ[#[[3]11] ) &l
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Derivative Filters

The following filters are implemented according to equation (31) in the manuscript.

m The Derivative of a Linear Box Spline orthogonally projected onto a Linear Box Spline (LL)
Thisistantamount to taking the derivative of a Quintic Box - Spline,
CdLL[x_, y_, z_, i_]:=
4 . 1 . 1 : :
E*I ntegrat e [Sum[Tent pri rre[;*R[[J 11.{x, y, z, W}] = ;R[[] 110[i 11 = Product [
1
Tent [E*R[[k]]' {x, ¥, z, w}], {k, Select[{1, 2, 3, 4}, ##] &1}], {j, 1, 4}], {w O, 8}];

and sampling it at the BCC Lattice sites.

CdLLx = Sel ect [{#, CALL[#[[1]], #[[2]], #[[3]1]1, 1]} &/@ BCCpoints[4], #[[2]1] # 0 &]

{{{-2, 0, 0}, %} {{-1, S1, -1y, %} {{-1, -1, 1), %} {{-1, 1, -1), %} {{-1, 1, 13, %}

{{1, “1, -1y, -%} {{1, -1, 1), -%} {{1, 1, -13, -%} {{1, 1, 13, -%} {{2, 0, 0}, -%}}

= The Derivative of a Quintic Box Spline orthogonally projected onto a Linear Box Spline (QL)

This is tantamount to taking the derivative of a Nonic (9th order polynomials, generated by the projection of 4D tensor product
Quadratic B-Splines) Box Spline

CdQL[x_, y_, z_,i_]:=

4 1 1
E*Integrate[Sum[QJadprirre[;*R[[j 11.{x, y, z, w}] *;R[[j 110[i 11 = Product [

1
QJad[E*R[[k]]. {x, ¥, z, W], {k, Select [{1, 2, 3, 4}, ##] &}]. {i. 1, 4}], {(w 0, 12}];
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= Select [{#, CAQ.[#[[1]], #[[2]], #[[3]], 1]} &/e@ BCCpoints[6], #[[2]] # 0 &]
Con b {3 -1 n oo e - b ) {esn -
.1, 13, %}, {t-2, -2, -2}, 13%}, {t-2, -2, 0y, %} {t-2, -2, 2) 13%}
0, -2}, 2220}. [t-2, 0, 0y, %}, [t-2, 0, 2) %} {t-2, 2, -2y, 13%},
2, 2, 0}, %}, {t-2, 2, 2), @} {t-1, -3, -1 %} {t-1, -3 1y 22340}
1, -3}, %}, {t-1, 1, -1 3,1:%} {t-1. 1,1 %} {t-1, 1, 3 %}
3, -1}, —22%}, {11, 3 1, —%}, {12, -2, -2 —ﬁ} {12, -2, 0, zzjo}
R R I [ e A ).

m The Derivative of a Quintic Box Spline orthogonally projected onto a Quintic Box Spline (QQ)

Thisis tantamount to sampling the derivative of a Tredecic Box Spline (generated by Cubic B - Splines).

CdQQ[x_, y_,

4 1 1
— « I ntegrate[Sum[Cubicprime[—«R[[j 11. {X, ¥, z, W}] » —=R[[j 11[[i 1] » Product [Cubi c|[
16 2 2

CdQQx

1
;*R[[k]].{x. Yy, z, w}],

= Sel ect [{#, CAQQ[#[[1]1],

z ,i_]1:=

#[[2]],

#[[311,

1]} & /e BCCpoints[8],

{k, Select [{1, 2, 3, 4}, ##] &1}], (i

1, 4}], {w, 0, 16}];

#[[21] # 0 &]
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m The derivative of a Nonic Box Spline orthogonally projected onto a Linear Box Spline (NL)
Thisis also tantamount to taking the derivative of a Tredecic Box - Spline

CdNLx = CdQQX;

m The Derivative of a Nonic Box Spline orthogonally projected onto a Quintic Box Spline (NQ)

This amounts to taking the derivative of a Septendecic (17th order polynomial, generated by 4D tensor product Quartic B-
Splines) box spline.

CANQ[X_, Y_, z_, i_]:=
4 _ ) 1 ) 1 ) . )
E*Integrate[Sum[QJartl cpri ne[E*R[[J 11.{x, y, z, W}] * ER[[J 1100 11 Product [Quartic|
1
E*R[[k]]. {x, ¥, z, w}], {k, Select[{1, 2, 3, 4}, ##] &]}], {j, 1, 4}], {w, O, 20}];

CdNQx = Sel ect [{#, CANQ[#[[1]], #[[2]], #[[3]], 11} &/@ BCCpoi nts[10], #[[2]] # 0 &]
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6! 72}1 77}1 {{21 61 0}! 7—}1 {{21 61 2}1 77}1
8539914 240 59779399680 8539914240
731 15373 15373
-5, -3}, f—}, {{3, -5, -13}, f—}, {{3, -5, 13, f—},
59779399680 11955879936 11955879936
731 731 9901
-5, 3}, f—}, {{3, -3, -5}, f—}, {{3, -3, -3}, 77},
59779399680 59779399680 355829760
85321 85321 9901
—3,—1},——————————},{{& —3,1},——————————},{{& —3,3},——————————}
135862272 135862272 355829760
731 15373 85321
-3, 5}, ——}, {{3, -1, -5}, ——}, {{3, -1, -3}, ——},
59779399680 11955879936 135862272
11806073 11806073 85321
-1, -1}, —7}, {{3. -1, 13, —7}, {{3, -1, 33, ——},
1423319040 1423319040 135862272
15373 15373 85321
-1, 53, ——}, {{3, 1, -5}, ——}, {{3. 1, -3}, —7},
11955879936 11955879936 135862272
11806073 11806073 85321
11 _1}1 _7}1 {{3! l! l}! _7}! {{3! 1! 3}! _7}!
1423319040 1423319040 135862272
15373 731 9901
1, 5}1 _—}! {{31 3! _5}1 _—}! {{31 31 _3}1 _7}1
11955879936 59779399680 355829760
85321 85321 9901
301, - ———— L (@, ——— | {388 ],
135862272 135862272 355829760

|11
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{3, 5, 1}, -

{4, 0, -4

{4, 2, -2

-3, 3

-1, 1

-4, -

-4, 4

-2, 0}

731 15373

S S O
59779399680 59779399680 11955879936
15373 731 1
B S S N N VRS
11955879936 59779399680 1811496960
83819 335
PSR R (VR P L N W VPSS N
569327616 19926 466 560 569327616
335 75541
1[4, 2, 4y, ) (4 2, 2y,
1811496960 569327616 543449088
1788509 75541 335
——— L {4 22y, - ————} {14 2,4 - — ],
2717245440 543449088 569327616
83819 1788509 27077587
B A S il Y PR SR Ll
19926 466 560 2717245440 9963233280
1788509 83819 335
L {04, —————— ) 42, 4, ————
2717245440 19926 466 560 569327616
75541 1788509 75541
{420, —— {422, — ],
543449088 2717245440 543449088
335 1 335
’7}1 {{41 4, ’4}1 ’7}1 {{41 4, 72}! ’7}1
569327616 1811496960 569327616
83819 335 1
——}, {{4, 4, 23, ——}, {{4, 4, 43 77},
19926 466 560 569327616 1811496960
17 99427 99427
-—t, ${5, -3, -1}, -————, 4{5, -8, 1}, -—————1,
905 748 480 b1 59779399 680 b 59779399 680 )
99427 2812801
1} {5, -1, -3 | {5, <L -1 o
905748480 59779399680 29889699840
2812801 99427 99427
} { -1, 3}1 _—}r {{51 1, _3}1 _—}r
29889699 840 59779399680 59779399680
2812801 2812801 99427
} { 1, l} _—}v {{51 1, 3}1 _—}r
29889699 840 29889699 840 59779399680
99427 99427
} {{5! 3! _1}! —}! {{5! 3! 1}! _—}1
905748480 59779399680 59779399680
17 317 34037
_7}1 {{61 -2, _2}1 _7}1 {{61 -2, 0}! _—}r
905748 480 7472424960 59779399680
317 34037 74167
_7}1 {{61 0, _2}1 _—}1 {{61 0, 0}! _7}1
7472424960 59779399680 9963233280
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(6.0, 2), _&}, (6.2 -2, L} (6.2, 0), &}
59779399680 7472424960 59779399680
{{67 2! 2}7 _L}v {{77 _lr _1}7 _677}7 {{7, —l, l}, —677}‘
7472424960 5977939968 5977939968
(L 1, 3, ) g0, ]
5977939968 5977939968 8539914 240

Autocorrelation Sequences

m Linear Box Spline

The autocorrelation sequence of the linear box spline is obtained by sampling the quintic box spline at the BCC lattice points that
are within its support

ACLbs = Select [{#, Qos[#[[1]], #[[2]1]1, #[[31]1]1} &/@ BCCpoi nts[4], #[[2]] # 0 &]

{{{72, 0, 0}, %} {{71, -1, -1y, %} {{71, -1, 13, %} {{71, 1, -13, %} {{71, 1, 13, %}

{{o, -2, 0}, %} {{0, 0, -23, %} {{o, 0, 03}, g} {{0, 0, 23, %} {{o, 2, 0}, %}
{{1, -1, -13, %} {{1, -1, 13, %} {{1, 1, -1}, %} {{1, 1, 13, %} {{2, 0, 0}, %}}
= Quintic Box Spline
The autocorrelation of the Quintic box spline is obtained by sampling the Tredecic box spline

ACQbs = Sel ect [{#, Tdbs[#[[1]], #[[2]], #[[3]]1]1} &/@ BCCpoi nts[8], #[[2]] # 0 &]

1 167 167

e 0 0 oo b 1605 -1 b ek 108 -1 3 g
{{-5, 1, -1}, 1677}, {{-5, 1, 13, L}, {{-4, -2, -23, L},
77837760 77837760 19 459 440
{1-4, -2, 0y, &}, {1-4, -2, 2), L}, {1-4, 0, -2y, ﬁ},
15567 552 19 459 440 15567 552
{{-4, 0, 0}, ﬁ} {{-4, 0, 23, &}, {{-4, 2, -21, L}
4864860 15567 552 19 459 440
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659 59

{-4. 2 0, 15567552}’ {422, 19459440}' {3 -3 -3, 3706560}'
{{-& -3, -13, 719 },{{-& -3, 13, 719 },{{-3,-3,3}, ! }
15567 552 15567 552 3706560
T 719 L fea -1, 9743 L fea 1, 9743 ]
15567 552 3538080 3538080
(3 13 719 L (s, an 719 L {ca 1, o 9743 |
15567552 15567552 3538080
T 9743 L {ca 719 L (ca s, an 1 |
3538080 15567552 3706560
{{73, 3, -1}, 19 } {{73, 3, 1}, 9 } {{73 33, }
15567552 15567 552 3706560
{{71 _4, -2, >9 },{{72 _4, 03, 659 },{{72,74,2}, 59 k
19 459 440 15567 552 19459 440
(2 2 ), 59 L (cz 2 2, 1613 L ez 20 54 889 )
19 459 440 1081080 6486 480
(2 22 1613 R 59 L (czo 659 |
1081080 19 459 440 15567 552
(20 2 54 889 L (c2 000 3029911 L ez 0 2 54 889 |
6486 480 77837760 6486 480
(20 659 L ez 2 59 Lcz a2 1613 )
15567 552 19 459 440 1081080
(220 54 889 L ez 2 2 1613 L ez 2, 59 |
6486480 1081080 19 459 440
{{-2 4, 23, 59 },{{-z 4, 0}, 659 },{{-2,4,2}, >9 k
19 459 440 15567 552 19459 440
T 167 L (e s, 167 L (e e e, 719 }
77837 760 77837760 15567 552
TR 9743 L {cn a1, 9743 L (e s e, 719 |
3538080 3538080 15567 552
(1 1, -5) 167 L fen -1 o, 9743 L fen 1o, 1396301}’
77837760 3538080 25945920
(111, 1396301 L et 1, 9743 L{cn w s, 167 |
25945 920 3538080 77837 760
(11 5 167 L {cn o, o 9743 L fen o 1396301}‘
77837760 3538080 25945 920



1396301 9743 167
1, 1}, } {{-1, 1, 33, } {{-1, 51, }
25945920 3538080 77 837760
719 9743 9743
3, -3, bo{e1 e - bo{n sy }
15567 552 3538080 3538080
719 167 167
3, 3}, bo{e-15 -1 bo{-ns 1 I
15567 552 77 837760 77837760
1 659 2383
-6, 0}, b0 -4 -2 b0 -4, 0 !
15567 552 15567 552 4864860
659 659 54889
-4, 23, {0 -2, -4 b0, -2, -2y, b
15567 552 15567 552 6 486 480
3029911 54 889 659
-2, 0}, bo{eo -2, 23 }o{1o -2, 4, b
77 837760 6 486 480 15567 552
1 2383 3029911 40853
0, -6}, b {10, 0, -4y, bo{o 0, -2y, b {10, 0, 0y,
15567 552 4864860 77 837760 270270
3029911 2383 659
.2}, }. {10, 0, 4y, }. {10, 0, 6, }o {10 2, -4y, I
77 837760 4864860 15567 552 15567 552
54889 3029911 54889 659
2, - },{{Q 2, 0}, },{{Q 2, 2}, },{{Q 2, 4y, }
6 486 480 77 837760 6 486 480 15567 552
659 2383 659
4, -23, },{{Q 4, 03, },{{Q 4, 23, },{{Q 6, 0}, }
15567 552 4864860 15567 552 15567 552
167 167 719
-5, -1}, },{{L -5, 13}, },{{L -3, -33, }
77837760 77 837760 15567 552
9743 9743 719
-3, -1}, },{{L -3, 13}, },{{L -3, 3}, }
3538080 3538080 15567 552
167 9743 1396301
~1, -5}, },{{L ~1, -33, },{{L -1, -13, }
77837760 3538080 25945920
1396301 9743 167
-1, 1}, },{{L -1, 3}, },{{L -1, 5}, }
25945920 3538080 77837760
167 9743 1396301
1, -5}, },{{L 1, -3}, },{{L 1, -1}, }
77837760 3538080 25945920
1396301 9743 167 719
1, 13, },{{L 1, 33, }.{{L 1, 53, },{{L 3, -3}, }
25945920 3538080 77837760 15567 552
9743 9743 719 167
3, -1}, } {{1, 3, 13, } {{1, 3, 33, } {{1, 5, -1},
3538080 3538080 15567 552 77837 760
167 659
5, 1}, b2 a2y, b2 -4 0, !
77 837760 19 459 440 15567 552
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59 59

1613

{{2, -4, 23, 44—4——4—7}, {{2, -2, -4y, 44—4——4—7}, {{2, -2, -2}, 4——4———7k
19459440 19459440 1081080
{2 -2, ﬂ}, [2 -2 2, ﬂ}, {2 -2, L},
6486 480 1081080 19459440
15567552 6486480 77837760 6486480
[z 0, 4, &}, {2 2, -4, L}, [ 2 - ﬂ},
15567552 19459440 1081080
[ 2 ﬂ}, [2, 2, 2), ﬂ} [2, 2, 4, L} (2,4 -2), L},
6486 480 1081080 19459440 19459440
S N L N P S
15567552 19459440 3706560
{13, -3, -1, L}, {13, -3, 1, L}, {38, -3, 3}, ———1,
15567552 15567552 3706560
{i -1 -3, L}, {3, -1 -1, ﬂ}, {3, -1 b, ﬂ},
15567552 3538080 3538080
(3 -1 3, L} (@1 -3, L} (@1 -1, ﬂ},
15567552 15567552 3538080
9743 719 1 719
R T B =y B C el (R G =y
{133 1), i}, {333, ——} {14 -2 - L},
15567552 3706560 19459440
(@ -2, 0, &} (4 -2 2, L} (a0, -2, &}
15567552 19459440 15567552
2383 659 59 659
Ry L A Trr==Y R A ryeyrri (R Trr=)
(a2 2), L} (5 -1, -1, L} (5 -1 1, 16_7}
19459 440 77837760 77837760
167 167
R T = A A =y

Save The filters and the AC sequences

Export ["CdLLx. mat", Flatten[#] & /@ CdLLx, "Mat"1;
Export ["CdQ.x. mat", Flatten[#] & /@ CdQLx, "Mat"1;
Export ["CdQXx. mat", Flatten[#] & /@ CAQQx, "Mat"1];
Export ["CANLx. mat", Flatten[#] & /@ CdNLx, "Mat"1;
Export ["CANQx. mat", Flatten[#] & /@ CANQx, "Mat"1;
Export ["ACLbs. mat", Flatten[#] & /@ ACLbs, "Mat"];
Export ["ACQbs. mat", Flatten[#] & /@ ACQbs, "Mat"];

Sampled Sequences

These are useful when one wants to prefilter data so as to make the box splines interpolating
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m Sampled Quintic

SSQbs = Select [{#, Qos[#[[1]1], #[[2]], #[[3]]]} &/@ BCCpoints[4], #[[2]] # 0 &]

{{{72, 0, 0}, %} {{71, -1, -1y, %} {{71, -1, 13}, %} {{71, 1, -1}, %} {{71, 1, 1}, %}

{{o, ~2, 03, %} {{0, 0, -23, %} {{0, 0, 0}, g} {{0, 0, 2}, %} {{o, 2, 0}, %}

{{1, -1, -1}, %} {{1, -1, 13, %} {{1, 1, -13, %} {{1, 1, 13, %} {{2, 0, 0}, %}}
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= Sampled nonic

SSNbs = Sel ect [{#, Nos[#[[1]1],

({i-
{
{
{
{
{

{_

{

{0,

0
0

{0,

3,

2,

2,

1,

1,

1,

1,

{1,

{1,

{1,

{2,

{2,

{3,

{
{
{
{
{
{
{
{
{10, -2, 2},
{
{
{
{
{
{
{
{

#[[2]1]1, #[[3]1]]1} &/@ BCCpoi nts[8],

17

#[[2]1] # 0 &]

2

40,03~} {{-3, -1 -1y, 201760}' Tl
-3, 1), 2011760}, {1 -1 -3, 201760}’ {1 -1 -, 210117670}
o 2 e 2 (e e,
bt 210117670}' {1, 210117670}’ {119, 201::60}' (L3 - 2011760}'
S b 2011760}’ {10, -4, 03, 10080}' {10. -2 -2y, 1040380}' 10 -2, 0 é}
ol 10040 i) (00,21 o) (0,01 S0}
0,21, ) (1000 41 b (102 2 ) (o2 0 )
B AL T
R LI e I TR e B GO
_2, 2, ﬁ}, [12. 0, -2y, 104580}, [2, 0, 03, %}, {202, o),
2 2, {220, — ) {222, (e
11, 2011760}, [, 1, 1), 201760}1 {3 1 1), 201760}’ {4 0.0y ot}

= Sampled Trdecic

Thisis the same as sampling the autocorrel ation sequence of a quintic box spline

SSThs = ACQbs;
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Export ["SSQbs. mat", Flatten[#] & /@ SSQbs, "Mat"];
Export ["SSNbs. mat", Flatten[#] & /@ SSNbs, "Mat" ];
Export ["SSTbs. mat", Flatten[#] & /@ SSTbs, "Mat"];



